In this article we show exponential and polynomial decay rates for the partially viscoelastic nonlinear wave equation subject to a nonlinear and localized frictional damping. The equation that model this problem is given by
Introduction
Let Ω be an open bounded set of R n with smooth boundary Γ. Stability for the wave equation
has been studied for long time by many authors. For example, Zuazua [14] and Nakao [12] established the uniform decay of solutions provided the function b is positive in whole domain.
When the feedback term depends on the velocity in a linear way Zuazua [15] proved that the energy related to the above equation decays exponentially if the damping region contains a neighborhood of the boundary Γ or, at least, contains a neighborhood ω of the particular part given by {x ∈ Γ : (x − x 0 ) · ν(x) ≥ 0}. In the same direction it is important to mention the result of Bardos, Lebeau and Rauch [2] , based on microlocal analysis, that ensures a necessary and sufficient condition to obtain exponential decay, namely, the damping region satisfies the well known geometric control condition. The classical example of an open subset ω verifying this condition is when ω is a neighborhood of the boundary. Later, Nakao [13] extended the results of Zuazua [15] treating first the case of a linear degenerate equation, and then the case of a nonlinear dissipation ρ(x, u t ) assuming, as usually, that the function ρ has a polynomial growth near the origin. More recently, Martinez [8] improved the previous results mentioned above in what concerns the linear wave equation subject to a nonlinear dissipation ρ(x, u t ), avoiding the polynomial growth of the function ρ(x, s) in zero. His proof is based on the piecewise multiplier technique developed by Liu [7] combined with nonlinear integral inequalities to show that the energy of the system decays to zero with a precise decay rate estimate if the damping region satisfies some geometrical conditions. It is important to mention that Lasiecka and Tataru [6] studied the nonlinear wave equation subject to a nonlinear feedback acting on a part of the boundary of the system and they were the first to prove that the energy decays to zero as fast as the solution of some associated differential equation and without assuming that the feedback has a polynomial growth in zero, although no decay rate has been showed.
On the other hand, the uniform decay of solutions for the viscoelastic wave equation
was obtained by Rivera et al. [9, 10] . Here, they also assumed that the function a is positive in whole domain or in ω. At this point it is important to mention some papers in connection with viscoelastic effects, among them, Aassila et al. [1] , Cavalcanti et al. [4] , Dafermos and Nohel [5] , Munõz Rivera and Oquendo [11] and references therein.
The goal of the present paper is to study the wave equation with both frictional and viscoelastic dampings where everyone of these dissipations can vanish in a part of Ω and ω. Moreover, we investigate the influence of these dissipations in the rate of decay of the solutions. Our results generalize substantially the results in Cavalcanti et al. [3] and complement the previous ones in the prior literature. The equation that model this problem is given by
satisfying the Dirichlet boundary condition, i.e., 2) and initial data
Here, k 0 is a positive constant, the functions a, b are nonnegative, 5) and the functions f, h : R → R satisfy
Additionally, we suppose that f is superlinear, that is
with the following growth conditions
for some C > 0 and ρ ≥ 1 such that (n − 2)ρ ≤ n.
To turn more simple our calculations we introduce the following binary operators
Some important relations between these operators are given by the following Lemma.
Lemma 1.1 For any two functions g, w ∈ C 1 (R) and θ ∈ [0, 1], the following inequalities hold
Proof: Differentiating the expression
the first part of our conclusion follows. The second part is a consequence of Hölder's inequality.
2
The existence and regularity of solutions of (1.1)-(1.3) is given by the following theorem.
The proof of the above theorem can be easily obtained making use, for instance, of the Faedo-Galerkin method.
and considering standard arguments of density, we can prove that problem (1.1) − (1.3) has a unique solution in the class
Exponential decay
In this section we shall prove that the solution of system (1.1)-(1.3) decays exponentially to zero provided the relaxation function g decays exponentially to zero and the function h is linear.
In the remainder of this paper we denote by C a positive constant independent of the initial data (u 0 , u 1 ) which takes different values in different places. Also, we denote by C σ a positive constant depending of the parameter σ.
Next, the precise assumptions on the coefficients of viscoelastic and frictional dissipations are given in the sequel.
Let us assume that
for some δ > 0.
We observe that the assumption (2.1) gives us a wide assortment of possibilities to choose the functions a(x) and b(x) and the most interesting case occurs when one has simultaneous and complementary damping mechanisms. Taking this point of view into account, a distinctive feature of our paper is exactly to consider different and localized damping mechanisms acting For the relaxation function g and function h we assume that
for some positive constants c 1 , c 2 , c 3 .
Additionally, we will need the following technical inequalities
for some C > 0. We will study the asymptotic behavior of system (1.1)-(1.3) when the initial data, for an arbitrary positive λ, satisfy
Remark: We would like to observe that assumption (2.5) does not imply that we are considering small initial data since λ is arbitrary. Indeed, this hypothesis is required because the decay is not uniform for all arbitrary initial data. In other words, we prove that the decay is uniform for initial data taken in bounded sets.
The first order energy of system (1.1)-(1.3) is given by
ds. Note that, in view of (1.5) we have that
The main result of this section is given by the following theorem.
Theorem 2.1 Let us consider the assumptions (2.1)-(2.4). If
exists a positive constant γ such that
. De esta forma podemos conjeturar que a energia da equação de onda decai exponencialmente nos pontos onde a função a(x)é efetiva. Tal conjeturaé baseada nos trabalhos de Muñoz Rivera et al. [9, 10] . onde foi estudado o caso b(x) ≡ 0, sendo que a(x)é efetiva em todo Ω ou pelo menos numa região estratégica dela. Por outro lado, a hipótese (2.3) implica que a função h(v)é similar a uma função linear, istó e, a dissipação age quase proporcionalmenteà velocidade u t . Devido ao trabalho de Zuazua [15] , onde considerou o caso a(x) ≡ 0, a energia decai exponencialmente desde que b(x) seja efetivo pelo menos numa parte estratégica de Ω. Neste trabalho, devido a complementariedade das dissipações dada pelas hipótesis (2.1) tais restrições geométricas sobre Ω nãoé necessária, obtendo da mesma forma o decaimento exponencial da energia.
We shall prove this theorem for strong solutions, that is, for solutions with initial data
Our conclusion follows by a density argument. We shall apply a piecewise multiplier method to obtain appropriate inequalities for the strong solutions of system (1.1)-(1.3).
The dissipative property of the solutions of system (1.1)-(1.3) is given by the following Lemma Lemma 2.2 The first order energy satisfies the following identity
Proof:
Multiplying equation (1.1) by u t , performing an integration by parts and using Lemma 1.1 our conclusion follows. 2
Let us consider a nonnegative function ϕ ∈ C 1 (Ω), supp(ϕ) ⊂ supp(a) and such that
Observe that if a(x) ≤ δ/2 for all x ∈ Ω, so , this implies that b(x) > δ/2 for all x ∈ Ω, since,
which contradicts the assumption (2.1), namely, Next, we will present two inequalities that will play an essential role when establishing the desired decay rates. First, in view of (2.1), we find that
Indeed, we have two cases to consider:
(ii) x / ∈ a −1 ([δ/2, +∞)). We have 0 ≤ a(x) < δ/2 which implies that −a(x) > −δ/2. From this last inequality and taking assumption (2.1) into account, we deduce
which proves the inequality (2.6) Second, from assumption (1.4) and Poincaré's inequality we have that
for some positive constant C.
Indeed, before proving the above inequality let us remember an useful result which is, in fact, a variant of Poincaré inequality:
Variant of Poincaré Inequality:Let Ω 1 , Ω 2 and Ω be subsets of R n with positive measure and such that Ω 1 ⊂ Ω 2 , Ω 2 ⊂ Ω. Then, assuming that Ω is bounded, and, moreover that meas (∂Ω 2 ∩ ∂Ω) = 0, we have:
where C is a positive constant.
The proof of the above inequality is immediate. Indeed, it is sufficient to observe that ω| ∂Ω 2 ∩∂Ω = 0 and meas (∂Ω 2 ∩ ∂Ω) > 0.
On the other hand, from assumption (1.4) and since a is continuous there exist ε 0 > 0 and
Setting, Ω 1 := supp(ϕ), Ω 2 := {x ∈ Ω; a(x) > min{δ/4, 0 }} and considering ω ∈ H 1 0 (Ω), from the above statments, we deduce that
which proves (2.7). Let us introduce the following functional
The following lemma retrieves a part of the energy.
Lemma 2.3 Given > 0 there exists a positive constant C such that
d dt R 1 (t) ≤ −g(0) Ω δ 2 |u t | 2 dx + (1 + λ ρ−1 ) Ω κ(x, t)|∇u| 2 dx + C Ω a(x) g(t)|∇u| 2 − g 2∇u dx + C Ω a(x)g2∇u dx +C Ω b(x) |u t | 2 + |h(u t )| 2 dx,
for any strong solutions of (1.1)-(1.3)
Proof: Multiplying equation (1.1) by ϕ(x)(g * u) t , integrating by parts and using Lemma 1.1 we obtain the following identity
Using hypothesis (2.4), inequality (2.7), the identity (g * u) t = g(t)u − g u, Lemma 1.1 and Young inequality we get, for η > 0
On the other hand, from growth conditions of function f and Sobolev imbedding we obtain
Substitution of this inequality into (2.8) and considering (2.6) we arrive at
From (2.5) our conclusion follows. 2
Let us introduce the following functional
The following lemma retrieves the complementary part of the energy of that given in the previous lemma.
Lemma 2.4 There exists a positive constant C such that
for any strong solutions of (1.
1)-(1.3).
Proof: Multiplying equation (1.1) by u and integrating by parts we get
Applying Young inequality and using Lemma 1.1 we obtain
From the superlinearity of the function f our conclusion follows. 2
Let us consider the following functional
The following lemma summarizes the results obtained in the previous lemmas.
Lemma 2.5
There exist positive constants k 1 and C such that
for any strong solutions of (1.1)-(1.3).
Proof: Let us fix 0 such that
Taking = 0 in Lemma 2.3 and combining with Lemma 2.4 we get
from where our conclusion follows. 2
Proof of Theorem 2.1
Using hypothesis (2.2) and (2.3) in Lemma 2.5 we get
Let N be a positive constant, let us introduce the Lyapunov functional
E(t) + R(t).
It is easy to verify that, for N large, we get
From Lemma 2.2, inequality (2.10) and taking N large we obtain
from where follows, in view of inequality (2.11), that
This inequality implies that
and in view of inequality (2.11) we conclude that
Hence, the proof is complete. 2
Polynomial decay
Here our attention will be focused on the uniform rate of decay when the functions g(t) is polynomially decreasing as (1 + t) −p or the function h(w) is nonlinear of the type |w|
q on a neighborhood of zero. In this case we will show that the solution decay polynomially.
The hypothesis we will use in this section for the functions g and h are the following
where p > 2, q > 1/2 and c 1 , . . . , c 5 are positive.
We summarize the main result of this section in the following theorem 
for r = min{p, 2q}.
Remark: O teorema anterior afirma que a energia decai conforme a rapidez da dissipação mais fraca, istoé, conforme a dissipação que torna mais lenta o decaimento da energia. o Trabalho de Muñoz Rivera [9] , onde foi considerado o caso b(x) = 0, mostra que se dissipação viscolelastica for global, istoé, a(x) ≥ δ > 0, ∀x ∈ Ω e g(t) = 1 (1+t) p , a energia decai da mesma forma, istoé,
. Neste trabalho, dado que a(x) e b(x) são complementares,é de se esperar que a energia decaia pelo menos em complicidadeà dissipação mais fraca, istó e, E(t) ≤ C (1+t) r com r = min{p, 2q}.
We starting stating some technical lemmas.
. Proof: For any fixed t we have
, where s = σ + 1 and s = σ+1 σ . Using Hölder's inequality, we get
. This completes the proof.
2
.
Moreover, If there exists
. Proof: From the hypothesis on v and Lemma 3.2 we get
Now, for 0 < θ < 1 we have
From where the second inequality of this Lemma follows. when θ = 1 we get
Substitution of this inequality into (3.3) yields the first inequality. The proof is now complete.
2
Proof of Theorem 3.1
We shall use some estimates of the previous section which does not depend of the behavior of the functions g and h. First, we will estimate the term Ω b(x) |u t | 2 + |h(u t )| 2 dx. Let us consider the following decomposition of Ω
From first hypothesis of (3.2) we get
for some C > 0. On the other hand, the second part of the hypothesis (3.2) implies that
for any x ∈ Ω − . Moreover, using Holder's inequality we have that
. Therefore, these two last inequalities imply that
Finally, from inequalities (3.4) and (3.5) we conclude that
Next, we will estimate the term Ω a(x)g2∇u dx. From hypothesis (3.1) it's easy to verify that
Using this estimate in the second part of Lemma 3.3 we get
Substitution of (3.6) and (3.7) into Lemma 2.5 we arrive at
Let us take r := min{θp, 2q}. Since R(t) ≤ CE(t) for some C > 0, the above inequality implies
, (3.8) for some positive constant k 2 . Now, we will estimate the two last terms of the above inequality. for some k 3 = k 3 (λ) > 0. Hence, we obtain
Since p > 2, θ = 1/2 and q > 1/2 we have that r > 1. Therefore
From the first part of Lemma 3.3 we get the following estimate . Using this inequality instead of (3.7) and repeating the same calculations and changing θp by p, we conclude that
